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Abstract. In this paper, we investigate finitely generated groups 
of isometries of CAT(O) spaces containing some central hyperbolic 
isometry, and we provide some remarks on structure of CAT(O) 
groups. 

1. Introduction and preliminaries 

The purpose of this paper is to investigate finitely generated groups 
of isometries of CAT(O) spaces and CAT(O) groups. Definition and 
detail of CAT(O) spaces are found in [3] and [9]. 

Let X be a metric space and let 7 be an isometry of X. Then the 
translation length of 7 is defined as I7I = inf {d(x, jx) \x G X}, and 
the minimal set of 7 is defined as Min(7) = {x G X | d(x, jx) = I7I}. 
An isometry 7 is said to be semi-simple if Min(7) is non-empty. Also 
an isometry 7 is called 

(1) elliptic if 7 has a fixed point, 

(2) hyperbolic if 7 is semi-simple and not elliptic, and 

(3) parabolic if 7 is not semi-simple, 
(cf. |3. Chapter II. 6]). 

We first show the following theorem by observing the proof of [3J 
Theorem II. 6. 12] in Section 2. 

Theorem 1.1. Let X be a CAT(O) space and let V be a finitely gen- 
erated group acting by isometries on X. If the center ofT contains a 
hyperbolic isometry 70 of X , then there exist a normal subgroup V C Y , 
an element 5 G T and a number k G N such that 

(i) r = r'x (s ), 

(ii) T' xi (8q°) — V x (70) is a finite-index subgroup ofT and 

(iii) T/r' is isomorphic to Z. 
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A geometric action on a CAT(O) space is an action by isometries 
which is proper ([31 p. 131]) and cocompact. A group T is called a 
CAT(O) group, if Y acts geometrically on some CAT(O) space. We note 
that every CAT(O) space on which some group acts geometrically is a 
proper space ([31 p. 132]). Also we note that CAT(O) groups are finitely 
presented (cf. [31 Corollary 1.8.11]). 

For example, Bieberbach groups ([31 p. 246], [4J), crystallographic 
groups ([!]), Coxeter groups and their torsion-free subgroups of finite- 
index ([5J, [7], [13]) and fundamental groups of compact geodesic spaces 
of non-positive curvature ([31 p. 159, p. 237]) are CAT(O) groups. In par- 
ticular, fundamental groups of Riemaniann manifolds of non-positive 
sectional curvature are CAT(O) groups. Moreover, M. W. Davis [6J has 
constructed a closed aspherical manifold of dimension n > 5 whose uni- 
versal covering is not homeomorphic to WL n ([6j, [8]). The fundamental 
groups of these exotic manifolds are also CAT(O) groups. 

On structure of CAT(O) groups, we obtain the following theorem 
from Theorem 11.11 in Section 2. 

Theorem 1.2. Let T be a CAT(O) group. Then there exist subgroups 
r = To D Ti D • ■ ■ D T n , elements 5i+x,ji+i G Tj and ki + \ G N for 
i — 0, . . . , n — 1 such that 

(1) 7j + i is an element of the center ofTi with the order 0(7,4.1) = 00 
for i — 0, . . . , n — 1, 

(2) r- = r m x (5 i+1 ) fori = 0,...,n-l, 

(3) T i+ i x (5^) = Tj+i x (71+1) is a finite-index subgroup ofTi, 

(4) Ti/Ti + i is isomorphic to Z for i — 0, . . . , n — 1, 

(5) T = (■ ■ • (((T„ x (S n )) x (5 n _!» x (£ n _ 2 )) • • • ) x (S 1 ), 

(6) r„ has finite center, and 

(7) r„ x A is a finite-index subgroup ofT where A = (71) x ■ ■ • x (7^) 
which is isomorphic to U 1 . 

In Section 3, we provide some examples and remarks on CAT(O) 
groups. 

2. On finitely generated groups of isometries of CAT(O) 

SPACES AND STRUCTURE OF CAT(O) GROUPS 

We first note that we obtain the following lemma from the proof of 
[31 Theorem II.6.12]. 

Lemma 2.1 (cf. [3, Theorem II. 6. 12]). Let X be a CAT(O) space and 
let r be a finitely generated group acting by isometries on X . If the 
center of Y contains a hyperbolic isometry 7 of X , then there exists 
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a homomorphism : Y — > Z such that 4>{A) is non-trivial, where A = 
(To) = Z- 



Here we show Theorem 11.11 from Lemma [2. II by observing the proof 
of Theorem II.6.12]. 

Proof of Theorem \l.l[ Let X be a CAT(O) space and let T be a finitely 
generated group acting by isometries on X. Suppose that the center 
of T contains a hyperbolic isometry 70 of X. Then A = (70) = Z is a 
central subgroup of T. 

By Lemma 12.11 we obtain a homomorphism : T — > Z such that 
0(A) is non-trivial. 

Here 70 generates A and 0(70) generates 4>(A). Let H = (f)~ l (0(A)) 
which is a finite- index subgroup of T. Then as the proof of [3, Theo- 
rem II. 6. 12], the map 0(70) 70 splits <P\h , hence we obtain that 

H = ker0 x (70) (1), 

since 70 is central. 

Here also we note that 0(T) is a non-trivial subgroup of Z. Let 
5 G T such that 4>(S ) generates (fi(T). Then the map 4>(S ) 5 splits 
0, hence we obtain that 

r = ker0x.(5 o > (2), 

since ker0 is a normal subgroup of T. 

Now <f)(A) is a subgroup of 0(T) which is isomorphic to Z and 0(<5o) 
generates 0(T). Hence there exists a number fc N such that 0(<5o°) 
generates 0(A). Then 0~ 1 (0((5g ))) = 0~ 1 (0(A)) = F and the map 
0(5q°) 1 — y 5q° splits 0|_ff o , hence we obtain that 

#o = ker0x(^' o > (3). 

Let r = ker 0. Then r = T' X (<?„) by (2) and F = V x ( 7o ) =fx 
(5q°) is a finite-index subgroup of T by (1) and (3). Also T/V = (T'So) 
is isomorphic to Z by the construction. □ 

The following results are known and we use these in proof of Theo- 
rem [L2J 

Lemma 2.2 ([3J Corollary 1.8.11]). A group is finitely presented if 
and only if it acts properly and cocompactly by isometries on a simply- 
connected geodesic space. 

Lemma 2.3 ([31 Proposition II.6.7]). Let X be a complete CAT(O) 
space and let 7 be an isometry of X . Then 7 is elliptic if and only if ^ 
has a bounded orbit. 
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Lemma 2.4 ([21 Proposition II. 6. 10 (2)]). If a group T acts properly 
and cocompactly by isometries on a metric space X , then every element 
of V is a semi-simple isometry of X . 

Lemma 2.5 ([31 Corollary II. 7. 6]). Every abelian subgroup of a CAT(O) 
group is finitely generated. 

The following theorem is called the Flat Torus Theorem. 

Theorem 2.6 ([2, Proposition 1.1], [31 Theorem II.7.1]). Let G be 

a group and let A be a free abelian group of rank n. Suppose that 
r = G x A acts geometrically on a CAT(O) space X. Then 

(1) Min(A) = HagA Min(a) is a closed, convex, V -invariant, quasi- 
dense subspace of X that splits as a product Y x Z , where Z is 
isometric to W n , 

(2) G acts geometrically on Y by projection of the action of Y on 

Y x Z , and 

(3) A acts geometrically on Z by restriction of the action of V on 

Y x Z (moreover, Z is the convex hull of some orbit Axq of X). 

Here a subset X' of a metric space X is said to be quasi-dense if 
there exists a number N > such that each point of X is iV-close to 
some point of X', i.e., B(X', N) = X. 

Using Theorem 11.11 and results above, we prove Theorem 11.21 on 
structure of CAT(O) groups. 

Proof of Theorem \1.2[ Let T be a CAT(O) group which acts geometri- 
cally on a proper CAT(O) space X. 

Set r = r. 

Suppose that To has infinite center. Then the center of To is an 
abelian subgroup of the CAT(O) group To and finitely generated by 
Lemma 12.51 Hence there exists a central element 71 G T with the 
order 0(7!) = 00. Then the isometry 71 of X is semi-simple, since 
every element of the CAT(O) group T is a semi-simple isometry of 
X by Lemma 12.41 Also 71 is a hyperbolic isometry, because if 71 is 
an elliptic isometry then 7 has a bounded orbit by Lemma I2.3[ which 
contradicts that the action of To on X is proper, since 0(71) = 00. 

Now To is finitely generated by Lemma [2721 and 71 is a central element 
of To and a hyperbolic isometry of X. Hence by Theorem ll.l[ there 
exist a normal subgroup Ti C To, an element Si G T and a number 
ki G N such that 

(h) r = Ti x 

(hi) Ti x (S^ 1 ) — Y\ x (71) is a finite-index subgroup of To and 
(iiii) Yq/Y\ is isomorphic to Z. 
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Here I\ x ( 7l ) acts geometrically on the CAT(O) space X, since 
Ti x ( 7l ) is a finite-index subgroup of T by (iii). Hence by Theorem l2.6j 
Min( 7l ) is a closed convex T- invariant quasi-dense subspace of X that 
splits as a product Xi x 2i, where Z\ is isometric to IR, and F\ acts 
geometrically on X\ by projection of the action of Tq on X\ x Z\. Here 
we note that X\ is a CAT(O) space, because X\ is a convex subspace 
of the CAT(O) space X (cf. [2] and [3]). Hence I\ acts geometrically 
on the CAT(O) space X\ and I\ is a CAT(O) group. 

Suppose that F\ has infinite center. Then by the same argument as 
above, there exists a central element 72 G F\ with 0(72) = 00, which 
is a hyperbolic isometry of X\. Here the CAT(O) group F\ is finitely 
generated. Hence by Theorem 11.11 there exist a normal subgroup C 
Ti, an element 62 G F\ and a number /C2 G N such that 

(i 2 ) i\ = r 2 x (5 2 ), 

(ii 2 ) T 2 x (^g 2 ) = T 2 x (72) is a finite-index subgroup of T 1 and 
(iii2 ) Ti/r 2 is isomorphic to Z. 
Then 

r = r = v 1 x 
= (r 2 x (s 2 )) x 

Also 

r = Fx x (fc) d r x x (^} 

= Ti x ( 7l ) = (r 2 x (5 2 )) x ( 7l ) 

d (r 2 x (5 2 fc2 )) x ( 7l > 
= (r 2 x (72)) x ( 7l ) 
= r 2 x ( 7l ) x ( 72 ). 

Thus T 2 x A 2 is a finite-index subgroup of F, where A 2 = (71) x (72) 
which is isomorphic to Z 2 . 

Also T2 is a CAT(O) group which acts geometrically on some CAT(O) 
space X 2 by Theorem 12.61 

By iterating this argument, we obtain subgroups r = r D F\ D 
• ■ ■ D r n , elements 5i+i, 7 j+i G Tj and /cj+i G N for i = 0, . . . , n — 1 
such that 

(1) 7i+ i is an element of the center of Tj with 0(7^+1) = 00 for 
i — 0, . . . , n — 1, 

(2) r-f = r, +1 x for 2 = 0, ... ,n - 1, 

(3) F i+1 x ((Jj^ 1 ) = r i+1 x (7i + i) is a finite-index subgroup of Tj, 
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(4) Ti/T i+1 is isomorphic to Z for i — 0, . . . , n — 1, 

(5) T = (■ ■ • (((r„ x (5 n )) x (<f n _i» x (5 n _ 2 » •■■)>< (6i), 

(7) r„ x A n is a finite-index subgroup of T where A n = (ji) x ■ ■ ■ x 
(7„) which is isomorphic to Z n . 
Here this process must terminate, i.e., T n has finite center for some 
number n, because A n = Z n is an abelian subgroup of the CAT(O) 
group T and every abelian subgroup of a CAT(O) group is finitely gen- 
erated by Lemma [2.51 □ 

3. Example 

We introduce an easy example of a CAT(O) group. 

Example. Let T = (a,b\ ab 2 = b 2 a) and let X = M. 2 the euclidean 
plane. We consider the action of the group r on X defined by 

a ■ (x,v) = (x,y+ 1) 
b ■ (x,y) = (x + 1, -y) 

for any (x,y) G M 2 = X. Then D = [0, 1] x [-|, |] c M 2 is a funda- 
mental domain, TD = X and T acts geometrically on X. Here we note 
that X/Y is a Klein bottle and the group T is a CAT(O) group which 
is the fundamental group of the Klein bottle. 

Then 7 := b 2 is a center of the CAT(O) group Y and a hyperbolic 
isometry of X. Here we obtain that 

(i) T =(a)x (b), 

(ii) (a) x (b 2 ) = (a) x (b 2 ) is a finite-index subgroup of Y which is 
isomorphic to Z 2 and 

(iii) Y / (a) is isomorphic to Z. 

4. Remarks on CAT(O) groups 

We introduce some remarks on CAT(O) groups. 

Let T be a CAT(O) group. By Theorem II .2\ Y has a structure as 

r = (• • ■ (((r„ x (8 n )) x x (S n _ 2 )) • ■ ■ ) x (6 1 ), 

where Y n is a CAT(O) group with finite-center, and Y contains a finite- 
index subgroup Y n x A where A is isomorphic to Z n . 

Here we first note that the CAT(O) group Y n may contain a finite- 
index CAT(O) subgroup with infinite-center in general. For example, 
all Coxeter groups are CAT(O) groups with finite-center and affine Cox- 
eter groups contain a finite- index CAT(O) subgroup with infinite-center 
which is isomorphic to Z n for some n. Also in general, the CAT(O) 
group T may contain a finite-index subgroup Y' x A' where A' is iso- 
morphic to Z n and n' > n. 
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If the CAT(O) group T splits as T = Ti x ■ ■ • x T m , then each factor 
Ti is also a CAT(O) group (cf. [HI Theorem 6]) and each factor Tj has 
a structure as 

^ = (■ • ■ (((I\ n . x (8 ijni )) x (5 iini _i)) x (5 iin ._ 2 )) • ■ ■ ) x (5. x ), 

where is a CAT(O) group with finite-center, and Tj contains a 
finite-index subgroup T^. x where Ai is isomorphic to Z ni for each 
i = 1, . . . , m. Here r = I\ x • • • x T m contain a finite-index subgroup 

(Ti.tii x ■ ■ • x r mrim ) x (Ai x • • ■ x A m ). 

We note that ri. ni x • • ■ x r mj „ m has finite center and A\ x • • • x A m is 
isomorphic to Z ril+ "' +rim . 

Also as the argument in [TBI p. 909], there exists a finite- index sub- 
group G\ x ■ ■ ■ x Gi of the CAT(O) group T such that each factor Gj 
is infinite and each factor Gj does not contain a finite-index subgroup 
Crji x Gj2 where Gji and Gj2 are infinite. Here the decomposition pro- 
cess terminates and I is finite (cf. [T3"l p.909]). Then we note that each 
factor Gj is isomorphic to Z or has finite center. Let t be the number 
as Gj has finite center for 1 < j < t and Gj is isomorphic to Z for 
t + 1 < j < I, and let n" = I — t. Then G\ X • • • x Gt has finite center, 
A" = G t +i x • • ■ x Gi is isomorphic to Z n " and (G\ x • • • x G t ) x A" is 
a finite- index subgroup of T. 

Here we can use the Flat Torus Theorem and splitting theorems (cf. 
[3], [H] and [16]) in each case above. 

For example, if the CAT(O) group T acts geometrically on a CAT(O) 
space X, then the finite-index subgroup (Gi x • • • x G t ) x A" also acts 
geometrically on A and the Flat Torus Theorem and splitting theorems 
implies that X contains a quasi-dense subspace X' which splits as a 
product (Ai x ■ • ■ x X t ) x Z such that there exists a geometric action 
of Gj on Xj for each j = 1, . . . , t and Z is isometric to ~R n (cf. [14]). 
Then the boundary dX of the CAT(O) space A (cf. [3], [5], [T7] and 
[T9"] ) is homeomorphic to the spherical join (dXi * ■ ■ ■ * dX t ) * dZ, where 
dZ is homeomorphic to an (n" — l)-dimensional sphere. 

By these arguments, CAT(O) groups with finite-center that does not 
contain a finite-index subgroup which splits as a product of infinite 
groups are essential and important for research on CAT(O) spaces on 
which a CAT(O) group acts geometrically and their boundaries. 

Also, Theorem 11.21 (5) on structure of CAT(O) groups implies that 
CAT(O) groups with finite-center are essential and important for re- 
search on CAT(O) groups. 
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